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Robust Adaptive Variable Structure Control
of Spacecraft Under Control Input Saturation

Jovan D. Bo Ïsković, ¤ Sai-Ming Li,† and Raman K. Mehra‡

Scienti�c Systems Company, Inc., Woburn, Massachusetts 01801

In this paper we propose two globally stable control algorithms for robust stabilization of spacecraft in the
presence of control input saturation, parametric uncertainty, and external disturbances. The control algorithms
are based on variable structure control design and have the following properties: 1) fast and accurate response in
the presence of bounded external disturbances and parametric uncertainty; 2) explicit accounting for control input
saturation; 3) computational simplicity and straightforward tuning. We include a detailed stability analysis for
the resulting closed-loop system. The stability proof is based on a Lyapunov-likeanalysis and the properties of the
quaternion representation of spacecraft dynamics. It is also shown that an adaptive version of the proposed con-
troller results in substantially simpler stability analysis and improved overall response. We also include numerical
simulations to illustrate the spacecraft performance obtained using the proposed controllers.

I. Introduction

F UTURE spacecraft will be expected to achieve highly accu-
rate pointing, fast slewing, and other fast maneuversfrom large

initial conditions and in the presence of large environmental dis-
turbances, measurement noise, large uncertainties, subsystem and
componentfailures,andcontrolinputsaturation.Additionalrequire-
ments to the spacecraft control systems will be imposed by a newly
developed concept of coordinated control of multiple spacecraft
(see, for instance,Refs. 1 and2). In the lattercasemultiplespacecraft
will be used for tasks that are presentlynot possibleto achievewith a
single spacecraft.Coordinatedcontrolof such spacecraftformations
imposes stringentrequirementson the controlof each spacecraftbe-
causethe formationobjectivescan be achievedef� cientlyonly when
all individualspacecraftare tightlycontrolledto respondrapidlyand
accurately to the formation coordination commands. This should
be the case even in the presence of failures, uncertainties, and
disturbances.

The design of such control systems for a single spacecraft is a
complex task as a result of couplednonlinearattitude dynamics and
attached � exible structures.3 In addition, minimal representationof
attitude dynamics, such as Euler angles or Rodrigues parameters,4

contain singularities and are hence not well suited for the design of
global controlalgorithms.For this reasonnonlineartrackingcontrol
algorithms based on global representation of spacecraft dynamics,
such as that employing quaternions,4 are needed to ensure that the
control objectives are met over a large range of operating condi-
tions. Our literature search has revealed that there are essentially
two classes of such algorithms: 1) the algorithms based on a mixed
term in a Lyapunov-like function for the closed-loop system, such
as those from Ref. 5, and 2) the algorithms based on a suitable co-
ordinate transformation and Lyapunov-like analysis, such as those
from Ref. 6.

Spacecraft commonly operate in the presence of various distur-
bances, including gravitational torque, aerodynamic torque, radia-
tion torque,and otherenvironmentaland nonenvironmentaltorques.
The problem of disturbance rejection is particularly pronounced in
the case of low-Earth-orbiting satellites that operate in the altitude
ranges where their dynamics is substantiallyaffectedby most of the
preceding disturbances. In addition, as the inertia matrix of space-
craft is usually not known exactly, spacecraft control design needs
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also take parametric uncertainty into account. Hence disturbance
rejection control strategies that are also robust to parametric uncer-
tainty are of great interest.

Another importantproblemencounteredin practice is thatof con-
trol input saturation. As it is well known, in the case of control al-
gorithms with integral terms control input saturation can cause the
so-called integratorwindup when the integral of the stabilizationor
trackingerror accumulatesover time and hence prevents the control
input from unsaturating. This can lead to substantial performance
deterioration and even to instability of the system. Hence globally
stable tracking algorithms that take control input saturation explic-
itly into account are of interest in practice. Such control algorithms
are of particular interest in spacecraft control where the control ob-
jectives are to be achieved with limited control authority. In Ref. 7
the authors consideredthis problemusing the equivalentcontrol ap-
proach. The control design was found to be effective in simulation
studies. However, the stability analysis when the input is saturated
was lacking.

The main contribution of this paper is the design of a class of
globally stable control algorithms for spacecraft stabilization that
take into account control input saturation explicitly, assure fast and
accurate response, and achieve effective compensation for the ef-
fect of externaldisturbancesand parametricuncertainty.In addition,
the proposed algorithms are computationally simple and involve
straightforward tuning. Their design is based on the variable struc-
ture approach to control systems design.

The paper is organized as follows: Sec. II contains an overview
of the sliding mode control design and its application to spacecraft
control. In Sec. III we state the control problem for a spacecraft in
the presence of bounded disturbances, parametric uncertainty, and
control input saturation. Section IV describes the properties of the
equivalentcontrol-basedslidingmode controldesignfor spacecraft.
Sections V and VI contain a detailed description of two globally
stable control algorithms and the proof of stability for the result-
ing closed-loop system, whereas Sec. VII presents simulation ex-
amples of the proposed control algorithms on a generic spacecraft
model.

II. Variable Structure and Sliding
Mode-Based Control of Spacecraft

The main idea behind the variable structure control approach is
to design suitable algorithms for changing the structure of the con-
trol system during its course of operation to exploit the desirable
features of different structures. Under certain conditions a new be-
havior, known as sliding mode, can arise in such systems as a result
of in� nitely frequent switching between different structures. The
method was � rst proposed by Emelyanov in the early 1950s and
elaborated by his group and a number of other researchers.8 ¡ 11
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Sliding mode can occur under certain conditions in a dynamical
system with discontinuous inputs. Such inputs can force the solu-
tions of the system to a hypersurface in the state space where the
behavior of the system is dominated by lower-order dynamics and
is invariant to external disturbancesand parameter variations. In the
case when the existence of a sliding mode cannot be guaranteed,
the discontinuouscontroller is referred to as the Variable Structure
Control (VSC) algorithm. The use of both sliding mode and vari-
able structure controllers also results in � nite time response. These
propertieshave been extensivelyused to design highly robust track-
ing controllers for both linear and nonlinear systems and have been
applied to a wide variety of engineering systems.10,11

Because the variable structure controllers use high-frequency
switching to achieve the objective of maintaining the solutions of
the system on the sliding surface and because of the imperfection
of the switching devices, chattering of the signals in the system
occurs in practice. This undesirable feature needs to be removed
by replacing the sign functions commonly used to implement such
controllers by either the saturation function,10 or by an approxi-
mate sign function.12 ¡ 14 This action results in the solutions of the
closed-loop system being con� ned to a boundary layer around the
switching surfacerather than to the surface itself so that the tracking
error remains bounded rather than converging to zero. The size of
the resulting set of uniform ultimate boundedness can be adjusted
with the proper choice of the free design parameters.

VSC has been used for spacecraft attitude control by a number of
authors.Singh and Iyer,15 Dwyer and Sira-Ramirez,16 and Crassidis
and Markley17 developed nonglobal VSC algorithms for minimal
attitude representation such as Euler angles and Rodrigues param-
eters. Among those based on attitude representation using quater-
nions, the algorithms developed by Lo and Chen18 and McDuf� e
and Shtessel19 are not global because the reciprocal of one of the
quaternions is used to implement the control law. Vadali20 was the
� rst to developa globalVSC algorithmfor attitudecontrol.The slid-
ing surface is determined by the use of optimal control theory for
a speci� c performance index. However, the analysis appears in-
complete as the nonlinear attitude dynamics is neglected.Recently,
Terui21 extended this approach to include translationaldynamics of
the spacecraft as well. Most of the work just mentioned uses the
so-called equivalent control component in the control law to keep
the system dynamics on the sliding surface.None of them addresses
the problem of control input saturation explicitly.

In this paper we will develop several algorithms for global stabi-
lization of spacecraft attitude dynamics. The algorithms are based
on variable structure control and take into account the control in-
put saturation explicitly. We will also show that such algorithms
ensure fast and accurate response and are highly robust to external
disturbances and parametric uncertainty. This is discussed in the
following sections.

III. Problem Statement
In this section we state the problem of spacecraft stabilization in

the presence of bounded disturbances, parametric uncertainty and
control input saturation.

Spacecraft Attitude Dynamics
The spacecraft is assumed to be a rigid body with actuators that

provide torques about three mutually perpendicularaxes that de� ne
a body-� xed frame B. The equations of motion are given by (see
Ref. 4)

J ÇX = ¡ X £ J X + sat(u) + z (1)

Ç² = 1
2
(² £ + ²0 I ) X (2)

Ç²0 = ¡ 1
2 ²T X (3)

where X 2 IR3 denotes the inertial angularvelocity of the spacecraft
with respect to an inertial frame I , J = J T denotes the positive
de� nite inertia matrix of the spacecraft, ² 2 IR3 and ²0 2 IR denote
the Euler parameters (quaternions) that represent the orientation of
B with respect to the inertial frame I and satisfy the constraint
²T ² + ²2

0 =1, and I denotes a 3 £ 3 identitymatrix. Further, u 2 IR3

denotes the vector of control torques commanded by the controller,

and sat(u) = [sat(u1) sat(u2) sat(u3)]T is the vector of actual con-
trol torques generated by the actuators (or thrusters), where sat(ui )
denotes the nonlinear saturation characteristic of the actuators and
is of the form

sat(ui ) =

8
<

:

umi , ui > umi

u i ¡ umi · u i · umi

¡ umi , ui < ¡ umi (4)

The notation a £ for a vector a =[a1 a2 a3]T is used to denote the
skew-symmetric matrix

a £ =

2

4
0 ¡ a3 a2

a3 0 ¡ a1

¡ a2 a1 0

3

5

Disturbances and Control Inputs
In Eq. (1), z 2 IR3 denotes a vector of external disturbances.

These include environmental torques such as gravitational torque
and torque as a result of aerodynamic drag, solar radiation, and
magnetic effects. We will assume that z(t ) 2 SS z = {z : k z k · z̄}
for all time, where the upper bounds z̄ on the magnitude of the dis-
turbance is known. In addition, because the total control authority
is limited, we de� ne a set SS u ={u : ¡ umi ·u i ·umi , i =1, 2, 3},
such that u 2 SS u implies that sat(u) ´ u. For simplicity, we shall
assume that all three control input torques have the same bound,
i.e., umi = ūm . The relationship between um and z̄ is addressed in
the following assumption:

Assumption 1:

ūm > z̄

Loosely speaking,the assumptionessentiallystates that the avail-
ablecontrolauthorityis suf� cient to rejectanydisturbancesfromSS z ,
which is a reasonable assumption in practice. Let ¯k J and k J denote
known upper and lower bounds on the norm of the inertia matrix J ,
respectively.The control objective is now stated as follows:

Control Objective: For the plant (1–3), under assumption 1, de-
sign a control input u(t ) that belongs to SS u for all time; for all
physically realizable initial conditions, all z 2 SS z , and all J = J T >
0 (such that k J · k J k · ¯k J ); and ensures that limt ! 1 X (t ) =
limt ! 1 ²(t ) =0.

In this paper we will use VSC to achieve the preceding control
objective.We will � rst describean approach to sliding mode control
design for spacecraft based on equivalent control and then propose
two global stabilization algorithms that achieve disturbance rejec-
tion in the presence of parametric uncertainty and control input
saturation.

IV. Equivalent Control-Based Sliding
Mode Control Design for Spacecraft

In this section, based on the existing results on sliding mode
control,9,10 we will present the designprocedurefor such controllers
for spacecraft. The approach generally assumes unlimited control
authority,and hence sat(u) ´ u in Eq. (1). For the sake of simplicity,
we shall assume that z ´ 0 in this section.

Sliding Surface
In the context of spacecraft control, the equivalent control-based

sliding mode control design is based on the use of the following
sliding surface:

s = X + k² (5)

where k > 0 is a scalar.

Equivalent Control-Based Sliding Mode Controller
After premultiplying Eq. (5) by J , differentiating it with respect

to time, and using Eqs. (1) and (2), we obtain

J Çs = ¡ X £ J X + u + 1
2
k J

¡
² £ + ²0 I

¢
X (6)

The control input is chosen in the form

u = ueq + uvs (7)
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where ueq denotes the equivalent control component9 and is chosen
to ensure that Çs(t) =0 for all time, i.e.,

ueq = X £ J X ¡ 1
2
k J

¡
² £ + ²0 I

¢
X (8)

The preceding control law can be augmented with feedback terms
in X and ², as suggested in Ref. 7. Control law (7) also containsuvs,
the variablestructurecomponent.This componentis to be chosen to
ensure that the sliding surface s =0 is attractiveand can be reached
in � nite time, as shown next.

Stability Analysis
Consider a scalar function of the form

V (s) = 1
2
sT Js

Using Eqs. (5–8), the � rst derivative of V along the motions of the
system yields

ÇV (s) = sT uvs

By choosing

uvs = ¡ R (s) a

where

a = [a 1 a 2 a 3]T , a i > 0

R (s) , diag{sgn(s1) sgn(s2) sgn(s3)}

and sgn(¢ ) denotes the sign function, i.e.,

sgn( w ) =

8
<

:

1, w > 0

0, w = 0

¡ 1, w < 0

we obtain

ÇV (s) = ¡
3X

i = 1

a i j si j < 0

Hence, V is the Lyapunov function in the s-space. It follows that
s 2 L 1 and limt ! 1 s(t ) =0.

Speed of Response
Let ¯a = min{a i }. To show that s =0 is achieved in � nite time

from any initial condition s(0) = s0 , we further use the fact that

3X

i = 1

j si j ¸ k s k

(where k ¢ k denotestheEuclideannorm), and thede� nitionof V (s) to
obtain V (s) · 1

2
¯k J k s k 2 (where ¯k J denotes the maximumeigenvalue

of the inertia matrix J ). Then we have

ÇV (s) · ¡ ¯a k s k · ¡
¡ p

2 ¯a |
p

¯k J

¢ p
V

Because V [s(t )] > 0 for all s(t ) 6=0, we can use the comparison
principle22 and integrate the preceding differential inequality to
obtain

V [s(t )] ·
©p

V [s(0)] ¡
¡ p

2 ¯a | 2
p

¯k J

¢
t
ª2

Because V (s) ¸ 1
2

k J k s k 2, where k J is the minimum eigenvalue of
J , we have

k s(t ) k ·
¡
1 |

p
k J

¢©p
2V [s(0)] ¡

¡
¯a |

p
¯k J

¢
t
ª

·
¡
1 |

p
k J

¢£p
¯k J k s0 k ¡

¡
¯a |

p
¯k J

¢
t
¤

where s0 = s(0). Hence the slidingsurfaces = 0 is reached from any
initial condition at or before time instant

t f = (¯k J / ¯a ) k s0 k

Dynamics on the Sliding Surface
To determine the spacecraft dynamics on the sliding surface, we

will use an approach similar to that from Ref. 20. Once s =0 is
reached, because ueq ensures that Çs(t ) = 0 for all time, the motions
of the system will remain on the sliding surface for all time. Hence
the spacecraftdynamicson the slidingsurface(also referredto as the
sliding mode or sliding regime) can be obtainedby solving s =0 for
X [using Eq. (5)] and substituting into Eqs. (2) and (3). This yields

Ç² = ¡ 1
2
k
¡
² £ + ²0

¢
² = ¡ 1

2
k²0² (9)

Ç²0 = ¡ 1
2
²T ( ¡ k²) = (k /2)

¡
1 ¡ ²2

0

¢
(10)

Let ts be the time instant when the sliding mode is reached. Upon
integrating the last equation, we obtain

²0(t ) = 1 ¡
2[1 ¡ ²0(ts)]e ¡ k(t ¡ ts )

1 + ²0(ts) + [1 ¡ ²0(ts)]e ¡ k(t ¡ ts )
t ¸ ts (11)

Hence limt ! 1 ²0(t ) =1. Because ²T ² + ²2
0 = 1 and X = ¡ k² on

the sliding surface, we also have

lim
t ! 1

k ²(t ) k = lim
t ! 1

k X (t ) k = 0

Comments
1) One of the major problemsrelated to the precedingcontrol law

is thatof input chattering,which arisesas a resultof imperfectionsof
available switching devices. Hence the sign function is commonly
replaced by either the saturation function or an approximate sign
function. In such a case we can only guarantee that the output error
will converge to a small set around the origin, rather than to zero.

2) Another problem associated with most of the global control
algorithms for spacecraft is caused by the quaternionrepresentation
of its orientation. As it is well known (see, e.g., Ref. 4), ²0 =1 and
²0 = ¡ 1 represent the same orientation.Because the precedingcon-
trol law guaranteesthat limt ! 1 ²0(t ) = 1, this implies that, even for
small deviations from ²0(0) = ¡ 1, the spacecraftwill execute a full
rotation in order to arrive at the point ²0 =1 (that coincideswith the
point ²0 = ¡ 1). This can be preventedby using an approach similar
to that from Ref. 20. In such a case the sliding surface is modi� ed
as s = X + k² sgn(²0). Then, in the sliding regime we have from
Eq. (10) that Ç²0 = ¡ 1

2
²T [ ¡ k² sgn(²0)] = (k / 2)(1 ¡ ²2

0 ) sgn(²0).
This implies that, for ²0(0) > 0, limt ! 1 ²0(t ) = 1, and for²0(0) < 0,
limt ! 1 ²0(t ) = ¡ 1.

3) Another importantproblemassociatedwith the precedingcon-
trol law is that it does not take the control input saturation explicitly
into account. This is clear from the expression (8) as ueq(t ) depends
on the instantaneous response of the system.

Hence, in this paper we propose two global stabilization algo-
rithms that retainfavorablepropertiesof the slidingmodecontrollers
and, in addition,achievethe controlobjectivewith the availablecon-
trol authority. This is discussed in the following sections.

V. Sliding Mode Control Under Control
Input Saturation

In this section we propose a sliding mode control law for the
system (1–3), which ensures that u(t) 2 SSu for all time and, in ad-
dition, that the spacecraft stabilization is achieved for all z 2 SSz and
all J = J T > 0, where k J · k J k · ¯k J , and k J , ¯k J are known. To mo-
tivate the design of the proposed control law, we will � rst consider
a simpler control objective of stabilizationof X only. This problem
was studied in Ref. 7. Hence we focus only on Eq. (1) and consider
a Lyapunov function candidate V ( X ) = 1

2
X T J X . Its � rst derivative

along the solutions of Eq. (1) yields

ÇV ( X ) = X T u + X T z
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If we use the VSC law of the form

u = ¡ R ( X )um (12)

where

R ( X ) , diag[sgn( X 1) sgn( X 2) sgn( X 3)]

um =[ūm ūm ūm ]T

we obtain

ÇV ( X ) · ¡ ūm

3X

i = 1

j X i j + k X k z̄ (because k z k < z̄)

· ¡ (ūm ¡ z̄) k X k

³
because

3X

i = 1

j X i j ¸ k X k
´

< 0

From Assumption 1, we have ūm > z̄. From the Lyapunov second
method we now obtain that X 2 L 1 and limt ! 1 X (t) =0. Further-
more, becauseV ( X ) · 1

2
¯k J k X k 2 , it followsthat ÇV (t ) · ¡ a

p
[V (t )]

for some a > 0. By using the comparison principle22 as in the case
of the slidingmode controldescribedin the precedingsection, it can
be shown that X (t) converges to zero in � nite time. An important
point here is that global stabilizationof X (t ) is achieveddespite the
presence of a bounded disturbance z and with the available control
authoritybecause from Eq. (12) it is clear that u(t ) 2 SSu for all time.

Becauseour objectiveis to stabilizeboth X (t ) and²(t), a question
that arises in this context is whether a control law similar to u =
¡ R ( X )um can be found to achieve this objective.

We recall that the analysis from Sec. IV has revealed that in the
case of equivalent control-basedsliding mode controller design the
dynamics of a spacecraft on the sliding surface [Eq. (5)] is obtained
when s =0 and resultsin limt ! 1 X (t ) = limt ! 1 ²(t ) = 0. We also
recall that the variablestructurecomponentuvs of the control law (7)
is a function of s only and ensures that the sliding surface s =0 is
reached in � nite time. We hence propose a control law that consists
only of the variable structure component and is of the form

u = ¡ R (s)um (13)

where R (s) , diag[sgn(s1) sgn(s2) sgn(s3)]. Hence this control law
ensures that u(t ) 2 SSu for all time. Although this control law is
practically appealing because of its simplicity, a question arises
whether it is possible to � nd conditionsunder which it achieves the
objective of global stabilization of both X and ² in the case when
z 2 SS z , and for all J = J T > 0, when k J · k J k · ¯k J . Our analysis
revealed that this is the case if a condition is imposed on the gain
k in Eq. (5). This condition is relatively benign because it does not
affect the magnitude of the control input and is summarized in the
following theorem:

Theorem 1: Let the overall system be given by Eqs. (1–3), (5),
and (13). For any b such that 0 < b < 1, if ūm > z̄ / b and the gain k
from Eq. (5) satis� es

k <
q

(1 ¡ b )(ūm ¡ z̄)k J
| 6¯k 2

J (14)

then X (t) is bounded and limt ! 1 X (t ) = limt ! 1 ²(t ) =0 for all
z 2 SS z and all J = J T > 0 such that k J · k J k < ¯k J .

The proof of this theoremis based on the propertiesof the sliding
model control law and the quaternion representation of the space-
craft dynamics. These properties are summarized in the following
assertion.

Assertion 1:
1) If j X i j > k, then sgn( X i ) = sgn(si ).
2) For all X i , X i sgn(si ) ¸ j X i j ¡ 2k.
Proof of Assertion 1:
1) Because si = X i + k²i and j ²i j ·1, statement 1) follows. This

is illustrated in Fig. 1. It is seen that sgn( X i ) = ¡ sgn(si ) only in
the shaded area in the � gure. Hence the condition of statement 1)

Fig. 1 Proof of statement 1) of Assertion 1.

Fig. 2 Proof of statement 2) of
Assertion 1.

of Assertion 1 is conservative because sgn( X i ) = sgn(si ) even if
j X i j < k and is inside the set

Xi , {( X i , ²i ) : X i ¸ 0, X i ¸ ¡ k²i or X i ·0, X i · ¡ k²i } (15)

However, for the proof of Theorem 1 we will focus on the sets
SS i , {X i : j X i j < k}. It is clear that the condition in statement 1)
of Assertion 1 is independent of ²i and is satis� ed for all X i 2 SSc

i ,
where the sets SSc

i denote the complements of SS i .
2) Let } ( X i ) , max j ²i j ·1{j X i j ¡ X i sgn(si )}. This function is

shown in Fig. 2. It is clear from the � gure that } ( X i ) ·2k. Hence
statement 2) of Assertion 1 follows.

Proof of Theorem 1: The proof of the theorem is fairly involved
and consists of three main steps. We will outline these steps next,
and a more detailed analysis will be given in the Appendix. The
main idea behind the proof is to demonstrate the following:

Step 1: Any motion of the overall system that starts from an
arbitrary initial condition is either inside or enters a closed compact
subset of the state space containing the origin in � nite time.

Step 2: For all motions inside this subset, there exists a value of
k for which the sliding surface s =0 is attractive.

Step 3: Once on the sliding surface, X (t ) and ²(t) tend to zero.
In addition, this is achieved for any z 2 SS z , and for any J = J T > 0
such that k J · k J k · ¯k J .

These steps are described in detail in the Appendix.
Based on the results just presented, the following comments are

in order:
1) Because the control law (13) ensures that u(t) 2 SSu for all

time, Theorem 1 essentially states that the control objective will be
achieved not only with the available control authority, but also in
the presence of bounded disturbances and uncertainty in J . This,
along with its simplicity, is the main feature of the control law (13).

2) To avoid chattering of control input, the sign function in the
control law (13) can be replaced by an approximate sign function
of the form f ( w ) = w / ( j w j + d ), where d > 0 is constant and is
commonly chosen to be suf� ciently small. The control law then
becomes

u = ¡ ˜R (s)um (16)

where ˜R (s) , diag[s1 / ( j s1 j + d ) s2 / ( j s2 j + d ) s3 / ( j s3 j + d )]. In
this case it can be shown that X (t ) and ²(t ) tend asymptotically
to a small set around the origin. This can be proved along the same
lines as in the case of the sign function and will not be included.
Simulation examples will be included in Sec. VII to demonstrate
the ef� cacy of this control law.
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3) The main drawbacks of the preceding control law are the fol-
lowing: a) the condition (14) can be fairly restrictive. Because k is
used to achieve relativeweighting between X (t ) and ²(t ), a small k
can result in a slow response in ²(t). b) It is seen from the proof of
stabilitythat ūm > z̄ / b is required.Hence, for a given ūm we canonly
guarantee that disturbanceswith relativelysmall magnitudes can be
rejected. c) The condition on k is only suf� cient, and, hence, the
system can be stable even if Eq. (14) does not hold. This has been
observed in numerous simulations. As k is increased beyond the
bound de� ned in Eq. (14), but less than some critical upper bound,
the control objectivewas still achieved even though the solutionsof
the system never entered the slidingregime.Hence a rangeof values
for k exists for which the system will be stable without entering the
sliding regime. However, this range of values for k turned out to be
very dif� cult to compute analytically.

4) Even though the preceding control law is robust to uncertainty
in J , prior knowledge of the bounds on the norm of J are required.
This assumption will be relaxed in the adaptive variable structure
controller presented in next section.

5) The disadvantages just mentioned are mainly a result of the
use of a � xed value of k in the control law (13) and the strategy of
attempting to stabilize both X (t ) and ²(t ) simultaneouslyfrom any
initial condition. In practice,when the initial angular velocity X (0)
of the spacecraft is large, the following strategy is commonly used:
a detumbling control law is used to stabilize only X (t ) � rst. After
X (t ) has been stabilized,anotherstabilizingcontrol law is then used
to bring both X (t) and ²(t ) to zero. The same strategy can also be
implemented using a combination of the control laws (12) and (13)
and takes the form

u(t ) =

»
¡ R [X (t)]um if t · t̄

¡ R [s(t )]um otherwise (17)

where t̄ is the time instant when X (t ) reaches a small set around
zerowhen controlledbyu(t ) = ¡ R [X (t )]um . We note that t̄ is � nite,
which is a property guaranteed by the control law (12). When the
control law (17) is used to stabilize the spacecraft, the conditions
that need to be imposed on k and the disturbance in the proof of
stability are less restrictive than those in the case when Eq. (13) is
used. This is because the condition imposed on k in step 2 of the
proof (see the Appendix) is directly related to the value of k X (t ) k
obtained after a � nite time t1 from any X (0). If k X (t1) k is known
to be small as a result of the use of u(t ) = ¡ R [X (t)]um , then the
condition on k can be relaxed accordingly, as there is no need to
account for arbitrary large X (0) in step 1 of the proof.

VI. Adaptive Variable Structure Controller
Anotherway to remove the drawbacksof the control law (13) is to

adjustk adaptively.In this sectionwe presentone such adaptiveVSC
algorithm to ensure global stability and improve the response. We
� rst recall that s = X + k² and suggestan adaptivevariablestructure
controller in the form

u = ¡ R (s)um (18)

Çk = ¡ c ūm

3X

i = 1

[sgn(k) j ²i j + ²i sgn(si )] (19)

where um =[ūm ūm ūm ]T and c > 0 denotes theadaptivegain.This
adaptivegain does not affect the stability analysis (as long as c > 0)
and can be chosen to improve the performance. We should em-
phasize that, despite adjusting the parameter k, the control inputs
can still assume only their minimum and maximum values, i.e.,
u(t ) 2 SSu for all time.

Theorem 2: Under Assumption 1, all signals in the system (1–3),
(5), (18), and (19) are bounded, and, in addition, limt ! 1 X (t ) =
limt ! 1 k(t )²(t ) = 0 for all z 2 SS z and all J = J T > 0.

Proof: Consider the Lyapunov function candidate

V ( X , k) = 1
2
[X T J X + (1/ c )k2]

The � rst derivative along the motion of Eqs. (1–3) is given by

ÇV ( X , k) = X T J ÇX +
1
c

k Çk

= X T u + X T z ¡
3X

i = 1

ūm k[sgn(k) j ²i j + ²i sgn(si )]

= (s ¡ k²)T [ ¡ R (s)um] + X T z

¡
3X

i = 1

ūm[ j k j ¢ j ²i j + k²i sgn(si )]

= ¡ ūm

3X

i = 1

j si j + X T z ¡
3X

i = 1

ūm j k²i j

· ¡ (ūm ¡ z̄)
3X

i = 1

j si j ¡ (ūm ¡ z̄)
3X

i = 1

j k²i j · 0

We used the fact that

X T z · k X k z̄ · k X k 1 z̄ · z̄

"
3X

i = 1

( j si j + j k²i j )

#

in arrivingat the last inequality.Therefore,using theargumentsfrom
Ref. 23 it follows that X 2 L 1 and k 2 L 1 . Integrating ÇV gives the
result that s 2 L1 and k² 2 L1 . Because u 2 L 1 , it follows that Ç², ÇX ,
and hence Çs are all bounded. It is also noted that Çk is boundedas k ²k
is bounded. Therefore limt ! 1 s(t) = limt ! 1 k(t )²(t ) = 0, which
implies that limt ! 1 X (t ) =0 as well.

Based on the discussion just presented, we next include the fol-
lowing remarks:

1) Theorem 2 only guarantees that k(t )²(t ), but not necessarily
²(t ), will converge to zero. If k(t ) convergesto zero faster than ²(t ),
then ²(t ) may convergeto some nonzeroconstantvalue, as observed
in simulation studies. To ensure that ²(t ) will converge to zero, one
needs to keep k(t) from converging to zero. This can be achieved
by using a suf� ciently small c such that k(t ) changes slowly and
hence will not deviate too much from its initial value. We � rst note
that Çk(t ) is boundedbelow by ¡ 6c ūm . Hence k(t ) ¸ k(0) ¡ 6c ūm t .
Therefore, given a time interval for completing a certain maneuver,
it is possible to choose a value of c such that k(t ) is guaranteed to
be larger than some desired value over the entire time interval.

2) The fact that k(t ) may tend to zero emphasizes the importance
of condition(14). If k(t) is small, the adaptationcan be stopped at a
value of k(t) satisfying the condition (14). This assures the overall
stability.In addition,k(t ) can be subsequentlyreset to a larger initial
value to ensure suf� ciently fast maneuvers.

3) This controller can also be modi� ed to avoid chatteringby us-
ing the approximate sign function in Eqs. (18) and (19). The effec-
tiveness of the resulting controller is evaluated through simulations
given in the next section.

4) Because the preceding design procedure does not guarantee
that a sliding mode for the closed-loopsystem will exist, we refer to
the precedingcontrolleras the adaptivevariablestructurecontroller.
The existence of a sliding mode is not needed to ensure global
stability of the overall system.

5) Theorem 2 holds for all J = J T > 0, which implies that the
proposed control strategy is highly robust to large uncertainty in J .
Furthermore, no information regarding J is needed to implement
the controller. Hence the same controller can be used for different
spacecraft without exact knowledge of their inertia matrices.

6) The proof for Theorem 2 can be readily extended to the case
when s = X + k(² ¡ ² ¤ ) and ² ¤ denotes some desired orientation.
Hence the proposed controller is well suited for the case of point-
to-point stabilization.

We can conclude that the adaptive controller (18) and (19) re-
moves the already mentioned disadvantagesof the control law (13)
and results in a substantially simpler stability analysis. As shown
in the following section, it also results in improved performance.
All of this is a result of only a slight increase in the complexity of
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the control law, i.e., when only one controller parameter is adjusted
adaptively.

VII. Simulation
In this section we illustrate the effectivenessof the proposedcon-

trol algorithms through numerical simulations. Because of space
limitation, only � gures that are essential for illustrating our results
will be shown.

In the simulations we assumed that the nominal inertia matrix of
the spacecraft is

JN =

2

4
20 0 0.9

0 17 0

0.9 0 15

3

5

Further, the following initial conditions were chosen for all sim-
ulations: X (0) =[29 29 29]T deg/s, ²(0) =[0.4 0.2 0.4]T , and
²0(0) =0.8. The controlauthorityis assumed to be ūm =20 Nm, and
the disturbance is assumed to be bounded by z̄ = 10 Nm. The value
of d in the approximatesign function is set to 0.01 in all simulations.

We � rst note that the maximum and minimum eigenvalues of
JN are 20.2 and 14.8, respectively. Further, by choosing b =0.5
in Eq. (14), we obtain 0.2 as the upper bound on k according to
Theorem 1. Figure 3 shows the angular velocity of the spacecraft
when thecontrollaw (16) is used to stabilizethe systemwith k = 0.2.
Even though X (t) appears to converge to zero, the response is too
slow and may not be acceptable.Similar speed of responsewas also
observedin ²(t). To improvethe speedof response,we increasedthe
value of k to 2.0. The resulting response is shown in Figs. 4 and 5. It
is seen that both X (t) and ²(t) converge to zero in around 5 s. This
illustrates the fact that the condition (14) on k is conservative.The
same value of k (i.e., k = 2.0) is used in the next two simulations.

We tested the control law (16) in the presence of large input
disturbance shown in Fig. 6 and found that the response is almost
identical to that in the disturbance-freecase shown in Figs. 4 and 5.

Fig. 3 Angular velocity X = [ X 1 X 2 X 3]T under the control law (16):
no disturbance case (k = 0.2).

Fig. 4 Angular velocity X = [ X 1 X 2 X 3]T under the control law (16):
no disturbance case (k = 2.0).

Fig. 5 Attitude ² = [²0 ²1 ²2 ²3]T under the control law (16): no dis-
turbance case (k = 2.0).

Fig. 6 External disturbance torque z = [z1 z2 z3]T .

Fig. 7 Control torque u = [¿1 ¿2 ¿3]T under the control law (16): large
external disturbance (k = 2.0).

The control torque is shown in Fig. 7, which indicates that the dis-
turbance is effectively rejected by the control law (16). Because the
disturbances are in the form of square waves, the control torques
from Fig. 7 are bang-bang in nature, which can excite the � exible
modes of the system. However, the designer has suf� cient freedom
to make the control torques slower by choosing suf� ciently large d .
We alsocomparedthe performanceof control law (8), with feedback
terms in X and ² as suggested in Ref. 7, when control inputs are
saturated under the same scenario. As expected, the response was
essentially the same under this control law when the gains for the
feedback terms in X and ² are suf� ciently high. This is because the
feedback terms will dominate the equivalent control terms, making
the control law essentially the same as Eq. (16). The main differ-
ence between the two algorithms is that in this paper global stability
under input saturation is proved explicitly for the control laws (16),
(18), and (19), whereas there is no such result for the control law
from Ref. 7 with saturated inputs.
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The control law (16) was also tested on another spacecraftmodel
with the inertia matrix equal to 1.25JN . The control objective is still
achieved despite such large change in inertia matrix, as the control
law (16) is independent of J . We should also emphasize that in all
simulations the response is free of chattering as a result of the use
of the approximate sign function.

We next carried out simulations to illustrate the effectivenessof
the adaptive control law (18) and (19). As in the preceding case, in
all simulations we used the approximate sign function in the con-
trol law to avoid chatteringof the control input. The value of k was
initialized at 2.0. Figures 8 and 9 show the angular velocity and
attitudeof the spacecraft respectivelywhen the control law (18) and
(19) with c =0.01 was used to stabilize the system. It is seen that
the control objective is achieved and k(t ) converges to around 1.4
(Fig. 10). The control law (18) and (19) was also tested for the same
disturbancesand the same change in inertia matrix as in the case of
control law (16), as well as when both these uncertaintiesplus mea-

Fig. 8 Angular velocity X = [ X 1 X 2 X 3]T under the control law (18)
and (19): no disturbance case.

Fig. 9 Attitude ² = [²0 ²1 ²2 ²3]T under the control law (18) and (19):
no disturbance case.

Fig. 10 Adaptive parameter k.

Fig. 11 Angular velocity X = [ X 1 X 2 X 3]T under the control law (18)
and (19): external disturbances, measurement noise, inertia matrix J =
1.25JN .

Fig. 12 Attitude ² = [²0 ²1 ²2 ²3]T under the control law (18) and (19):
external disturbances, measurement noise, inertia matrix J = 1.25JN .

surementnoiseare presentsimultaneously.The responseis excellent
in all cases. Because of space limitation,we only show the response
of the spacecraft in the last case (Figs. 11 and 12). The measure-
ment noise present in this simulation is of magnitude 0.1 deg/s in
the angular velocitiesand 0.001 in the quaternions.Even though the
magnitudeof noise is unrealisticallylarge, the performanceis virtu-
ally nondistinguishablefrom that obtained in the case when there is
no uncertainty (Figs. 8 and 9). This illustrates the robustness of the
control law (18) and (19) to the simultaneous presence of different
types of uncertaintiesand disturbances.Because of the large noise,
the control input computed by the algorithm (18) and (19) is fairly
oscillatory. However, in practice, the actual input torque is � ltered
by the actuator dynamics. A larger initial condition k(0) results in
a faster convergence of ²(t ) to zero. Hence the designer has suf� -
cient freedom to achieve the desired weighting between the speed
of response of X (t ) and ²(t ).

VIII. Conclusion
In this paper we propose two control algorithms based on vari-

able structure control for spacecraft stabilization in the presence of
parametric uncertainty, bounded external disturbances, and control
inputsaturation.The � rst algorithmis basedon thevariablestructure
component of the standard sliding mode control law for spacecraft
stabilization.We also propose an adaptive version of this algorithm
that removes the disadvantages of the sliding mode controller and
results in improved response in the presence of disturbances and
large parametric uncertainty. In both cases we included rigorous
proof of stability of the resulting closed-loop system, as well as
computer simulations to evaluate the overall performance.

The main contribution of the paper is that the proposed control
laws for spacecraftensure that the controlobjective is achievedwith
limited control authority.The control laws are simple to implement
and are demonstratedto be effective in compensatingfor large para-
metric uncertainty and bounded disturbances.
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Our future research directions include the following: 1) exten-
sions of the proposed algorithms to the case of tracking (some pre-
liminarysimulationshaverevealedthat this is a viableapproach,and
the related stability analysis is currently in progress); 2) use of these
algorithms as baseline control laws for spacecraft failure detection
and identi� cation and adaptive recon�gurable control; and 3) com-
bination of these algorithms with on-line nonlinear estimators to
achieve fast and accurate rejection of state-dependentdisturbances.

Appendix: Proof of Theorem 1
The proof of Theorem 1 consists of three main steps. We will

give the details of the � rst two steps here. The last step of the proof
is the same as in the case of equivalent control-basedsliding mode
controller design for spacecraft described in Sec. IV.

Our overall objective is to demonstrate that the motion of the
closed-loopsystem starting from any initial condition enters a com-
pact set containing the origin in � nite time. Following that, the
motion of the system reaches the sliding surface, also in � nite time.
Once the slidingsurface is reached,the systementers into the sliding
regime as describedin Sec. IV so that both X (t ) and ²(t ) convergeto
zero.The � nite time responserequirementin the � rst two steps is im-
portantto demonstratetheoverallasymptoticstabilityof the system.

Step 1: The objective in this step is to prove that there exists a
scalar ¯X > 0 such that any motion of X (t ) starting from an arbitrary
X (0) will enter a closed compact set P , {X : k X k · ¯X } in � nite
time. To demonstrate this, we start our analysis by choosing

V1( X ) = 1
2
X T J X

We will showthat ÇV1( X ) · ¡ a 1 k X k , for some a 1 > 0, when X 2 P c,
where P c denotes the complement of P . This implies that there ex-
ists an ¯a 1 > 0 suchthat ÇV1 · ¡ ¯a 1

p
V1 . By integratingthis inequality,

we can conclude that the set P will be reached in � nite time. The
details of this argument are given next.

The � rst derivativeof V1( X ) along the motion of Eq. (1) is given
by

ÇV1( X ) = X T J ÇX

= X T u + X T z

= ¡
3X

i = 1

ūm X i sgn(si ) + X T z

By statement 1) of Assertion 1, if j X i j > k for i =1, 2, 3, then

X i sgn(si ) =X i sgn( X i ) = j X i j

ÇV1( X ) · ¡
3X

i = 1

j X i j ūm + k X k z̄ · ¡ (ūm ¡ z̄) k X k < 0

under Assumption 1. However, j X i j > k for i =1, 2, 3 simultane-
ously is not true in general, and one has to determine a set P such
that ÇV1( X ) · ¡ a 1 k X k when X 2 P c , even if j X i j ·k for some i .
The strategy adopted here is to � nd a set P suf� ciently large such
that at least one term in ÇV1( X ) is negative and has magnitude large
enough to cover the other sign-inde�nite terms in that expression.

Consider the cube C , {X : j X i j ·k, i =1, 2, 3} in the X space.
If X 2 Cc , then j X j j > k for at least one j . Because we are interested
in expressing the condition on X in terms of its norm, we consider
the set P̄ , {X : k X k ·

p
(3)k}, which is the smallest ball contain-

ing the set C. Therefore, X 2 P̄ c implies that X 2 Cc , which in turn
implies that j X j j > k for at least one j . In such a case we have

ÇV1( X ) · ¡ ūm X j sgn( X j ) ¡ ūm

3X

i = 1,i 6= j

X i sgn(si ) + X T z

= ¡ ūm j X j j ¡ ūm

3X

i = 1, i 6= j

X i sgn(si ) + X T z for X 2 P̄ c

By statement 2) of Assertion 1, we can get an upper bound for the
second term in the preceding expression, which yields

ÇV1( X ) · ¡ ūm

"

j X j j +
3X

i = 1,i 6= j

( j X i j ¡ 2k)

#
+ X T z

for X 2 P̄ c

We can now rewrite the preceding expression in the form

ÇV1( X ) · ¡ ūm

±
3X

i = 1

j X i j ¡ 4k

!
+ X T z

· ¡ ūm( k X k ¡ 4k) + X T z

for X 2 P̄ c(because k X k · k X k 1)

Because X 2 P̄ c is not suf� cient to concludethat ÇV1( X ) < 0, we next
consider the set P , {X : k X k · 4k / (1 ¡ b )} for some 0 < b < 1.
If X 2 P c, then theconditionimposedearlierthat X 2 P̄ c is still valid
as P c ½ P̄ c [because 4k / (1 ¡ b ) ¸ 4k >

p
(3)k]. Furthermore, we

have 4k · (1 ¡ b ) k X k , which implies

ÇV1( X ) · ¡ ūm ( k X k ¡ (1 ¡ b ) k X k ) + X T z

= ¡ ūm b k X k + X T z for X 2 P c

Because k z k is bounded by z̄, we have

ÇV1( X ) · ¡ (ūm b ¡ z̄) k X k

Hence

ÇV1( X ) < 0 for X 2 P c, ūm > z̄ / b

Because V1( X ) · 1
2
¯k J k X k 2, ÇV1 · ¡ (ūm b ¡ z̄)

p
(2/ ¯k J )

p
V1, and

V1(t ) ·{
p

[V1(0)] ¡ [1/
p

(2¯k J )](ūm b ¡ z̄)t}2 as long as X 2 P c

and z̄ < ūm b . This means X (t ) will reach the ball P in � nite time.
The smaller the value of b is, then the disturbance that can be

rejected for a given control authority is also smaller in this analysis.
However, the value of b also has an effect on how large k can be, as
we will show in the next step of the proof. Therefore the choice of
b is a compromise between the disturbance rejection capability of
the controller and the freedom of choosing k.

Step 2: Consider another scalar function

V2(s) = 1
2
sTJs

Its � rst derivative along the motion of Eqs. (1–3) yields

ÇV2(s) = sTJ Çs

= ksT
£
² £ J + 1

2
J (² £ + ²0 I )

¤
X + sT u + sT z

· k
¡
k ² £ k + 1

2 k ² £ + ²0 I k
¢
k J k ¢ k s k ¢ k X k

+ sT u + sT z

where k ² £ k , k ² £ + ²0 I k and k J k are the induced norm of the
respective matrices. It can be readily shown that k ² £ k ·1 and
k ² £ + ²0 I k ·1. Recall that ¯k J is de� ned as the upper bound of
the norm of the inertia matrix J . Therefore,

ÇV2(s) ·
3
2

¯k J k k s k ¢ k X k ¡ ūm

3X

i = 1

j si j + sT z

·
3

2
¯k J k k s k ¢ k X k ¡ ūm k s k + sT z (because k s k · k s k 1)

From step 1 we know that X (t) will enter P in � nite time. Suppose
X (t ) reaches P at t = t1 [t1 =0 if X (0) 2 P]. Because ÇV1( X ) < 0
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for X 2 P c , it can be easilyveri� ed that k X (t ) k ·4k¯k J / [(1 ¡ b )k J ]
for t > t1. Then we have

ÇV2(s) ·
©
[6/ (1 ¡ b )k J ]¯k 2

J k2 ¡ ūm + z̄
ª
k s k (because k z k < z̄)

for X 2 P
Hence, if

k <
q

(1 ¡ b )(ūm ¡ z̄)k J
| 6¯k 2

J

then ÇV2(s) < 0 for t < t1. Using the fact that V2(s) · 1
2
¯k J k s k 2, it

can be shown that ÇV2 · ¡ ā
p

V2 for some ā > 0. Hence it can be
readily shown that k s(t ) k ·a ¡ b(t ¡ t1), for some a, b > 0 and
t 2 (t1 , t1 + a / b]. This implies that s =0 is reached in � nite time.
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